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Abstract 

We prove two limit laws for functionals of one dimensional symmetric 1-stable process 
using the method of moments, and give a remark on Rosen's paper [15]. 
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1 Introduction 

Let X = {X(t), t > 0} be a symmetric a-stable process in R. The local time L t (x) of X 
exists and is jointly continuous in t and x if a > 1 (see [3]). For any integrable function 
O ! / : R — > R, using the scaling property of a-stable process and the continuity of the local 
| time, one can easily obtain the following convergence in law in the space C([0,oo)), as n 
tends to infinity, 

m ■ 

frit 



(n^r J f(X(s)) ds, t > o) A (l*(0) jf f(x) dx, t > o) 

Assuming that / is a bounded Borel function on R with compact support and L /(x) 
0, Rosen [15] showed 

. put 

(n*? ] f(X(s))ds, t >0j A (v / 2ca/) a -i^(^(0)),t>0 
as n tends to infinity, where W is a real- valued Brownian motion independent of X, 

(Pi(0)-Pi(l/ S 1/Q ))^ 



with pi(x) being the probability density function of X(l), and 

</,/)«_! = - [ f(x)f(y)\x-y\ a - 1 dxdy. 



*D. Nualart is supported by the NSF grant DMS1208625. 
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We are interested in the limit theorems for the a-stable process when a = 1 because the 
local time does not exist in this case. We will show the following two limit laws. 

Theorem 1.1 Suppose that f is bounded and j R \xf(x) \ dx < oo. Then, for any t > 0, 

- / f(X(s)) ds A (- / f(x)dx)z(t) 
nJo ^ Jr J 

as n tends to infinity, where Z(t) is an exponential random variable with parameter t. 
Remark If we use the normalizing factor j^^, then the limiting distribution of 

'■nt 
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logn 

is independent of t. 



f(X(s))ds 







Theorem 1.2 Suppose that f is bounded, J R \xf(x)\dx < oo and f R f(x)dx = 0. Then, 
for any t > 0, 



f{X{s))ds^(\ [ \f(x)\ 2 \x\- 1 dxY" 2 ^/W)V 



Jo V7r2 



as n tends to infinity, where / is the Fourier transform of / and rj is a standard normal 
random variable independent of Z(t). 

In 1953, Kallianpur and Robbins [6] proved that for any bounded and integrable function 

/ : M 2 R, 

J- [ n f(B(s))ds^(±- [ f(x)dx)z(l) 
logn Jo V2tt J R 2 J 

as n tends to infinity, where B is a two-dimensional Brownian motion and Z(l) is an 
exponential random variable with parameter 1. After that, the asymptotic properties of the 
additive functionals of the form J* f(X(s)) ds, where X is a real-valued stochastic process, 
received a lot of attention. The study of this problem mainly goes into two directions. 
One is on Markov processes and the other one on fractional Brownian motions. For general 
Markov processes, we refer to [4, 2, 13, 9]. For some special Markov processes, see, e.g., [8, 1] 
for Brownian motion and [15, 14] for a-stable processes. For general fractional Brownian 
motions, we refer to [7, 10, 5, 11, 12]. 

It is well known that general fractional Brownian motions are neither Markov processes 
nor semimart ingles. So the martingale method applied by Papanicolaou, Stroock and Varad- 
han in [13] and further developed by Kipnis and Varadhan in [9] is not useful in the fractional 
Brownian motion case. When proving the limit theorems for (additive) functionals of frac- 
tional Brownian motions, one often uses the method of moments. Another possible candidate 
is the Malliavin calculus. In [12], we introduced a chaining argument to obtain estimates for 
moments, using Fourier techniques. To the best of our knowledge, this chaining argument 
is brand new and very powerful for the fractional Brownian motion case. For example, it 
could have been applied to give another proof of Theorem 1.1 in [15]. 
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In this paper, we will use the methodology in [12] with some modifications to prove the 
second order limit law (Theorem 1.2) for the 1 -stable process and give another expression 
for the constant in the limiting process in Theorem 1.1 of [15]. 

After some preliminaries in Section 2, Section 3 is devoted to the proof of Theorem 1.1, 
based on the method of moments. In Section 4, we prove Theorem 1.2 using the method of 
moments and the modified methodology in [12]. In Section 5, we give a remark on Theorem 
1.1 in [15]. Throughout this paper, if not mentioned otherwise, the letter c, with or without 
a subscript, denotes a generic positive finite constant whose exact value is independent of n 
and may change from line to line. We use l to denote \J — 1. 



2 Preliminaries 

Let X = {X(t), t > 0} be a symmetric a-stable process in R. Then, the characteristic 
function of X(t) is 

^ e LxX(t) _ e -t\x\« 

for any t > and 

The next lemma gives formulas for the moments of Z(t) and Z(t) r] where Z(t) is an 
exponential random variable with parameter t and 77 is a standard normal random variable 
independent of Z{t). 

Lemma 2.1 For any m E N and t > 0, 

{2m)\t m 



2m 



E[Z(t)} m = m\t m and E[y/Z(j)v\ 

Proof. Using the moment generating function of the exponential distribution, we can easily 
obtain E [Z(t)] m = m\ t m . Since r\ and Z(t) are independent, 

E [^/Z(fj v } 2m = E [Z{t)} m E [ V } 2m = ml t m (2m - 1)!! = ^ — . 



□ 



For a > 1, the local time L t (x) of X exists and is jointly continuous in t and x (see [3]). 
The following lemma gives the expectation of L t (0). 

Lemma 2.2 For any m G N and t > 0, 

E(L t (0)) = -( [ e-Wdy)?-*. 

1 U 27r(a-l) \J R U ) 
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Proof. Using the Fourier transform, 



E (Lt(0)) = — E ( [ [ e LxX(s) dx ds 
2tt \Jo J r 



e ^ as dxds 



1_ 

2tt jo 

i-f / e-\y\ a dy)[ I s-^ds 



t 

i 



o 



2n(a 



I e-\y\ a dy)t l - L «. 



□ 



Using the independent increments property of a-stable processes, we can easily obtain 
the following useful formula. For any m G N, 



m m 



E [e <=i ] = e i=1 ' =i , (2.1) 



where = sq < si < ■ ■ ■ < s m < oo and x±, . . . , x m G R. 



3 Proof of Theorem 1.1 

In this section we will prove Theorem 1.1. Since / is bounded, it suffices to show the limit 
law for 

i r nt 

- f(X(s))ds. 
n Ji 

That is, 

1 r ent 1 r 

- / f(X(s)) ds-^(- f(x) dx) Z(t) (3.1) 

as n tends to infinity. 

For any t > 0, using the Fourier transform, we can write 

i re nt i i>e nt p 

- f(X(s))ds = / fix) e ixX{s) dxds. 

n Ji 2wn J 1 J R 



Lemma 3.1 The difference of 

n/ / f( x ) eLXX(s) dxds 

and 



n 

converges to zero in L 2 as n tends to infinity. 



f{0)e LxX{s) dxds 

1 J\x\<l 
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Proof. We first show that 

i r nt r 

F njl :=- / f{x)e LxX{s) dxds 

n Jl J\x\>l 

converges to zero in L 2 as n tends to infinity. This follows easily from the following argument. 

E [F n>1 ] 2 4f f7 I fWfM e-^ S2 - s ^ +x ^ dx ds 
n Ji Ji J\xx\>i J\x 2 \>i 

[ S2 [ [ Kyi-y2)f{y2)e-^-^-^dyds 

1 Jl J\yi-y2\>lJ\y2\>l 



n 2 



nt 

n Ji J\y±-V2\>i J\y2\>i 

< £| / / e-^dyxds! 
n Ji J R 



t 

< c 3 -, 
n 



where in the first inequality we used that / is bounded. We next show that 

F n ,2 := - f [ (f(x) - 7(0)) e LxX ^ dx ds 

n Jl J\x\<\ 



'1 J\x\<\ 

converges to zero in L 2 as n tends to infinity 
Since \ f(x) - 7(0) | < c 4 \x\ for all iGl, 



E[F n>2 ] 2 < \ f [ 2 [ [ \xi\\x 2 \e-\ Xa K 8a - ai) -\ x * +X1 \ ai dxd8 

n Jl Jl J\x x \<l J\xi\<l 



<% I II I \y 2 \e- ly2Ks2 - Sl) - Msi dyds 

'l Jl J \yi-y 2 \<l J \y 2 \<l 



ii 2 



e nt r s 2 



< % f f e~^ Sl d yi dsi 
n Ji J\yi\<2 



t 

<c 7 -. 
n 



Combining these two estimates gives the desired result. □ 

With the help of Lemma 3.1, to prove Theorem 1.1, we only need to show the following 
result. 

Proposition 3.2 Suppose that f is bounded and J R \xf(x) \ dx < oo. Then, for any t > 0, 

^- f / 7(0) e— x(s) dx ds-^(- [ f(x) dx) Z(t) 
ZnnJi J\x\<i V7r >/R y 



as n tends to infinity, where Z(t) is an exponential random variable with parameter t. 



Proof. Let 

1 re ni r 

f(0)e LxX{s) dxds. 



2nn 



1 J\x\<l 



We first show tightness. Note that 

e [F n f = r p i e -\^\(s 2 - si )-\ x2+xi \ si dx ds 

2vr% 2 J l J l J { _ 1A]a 
= (/(O)) 2 T /" a /" /" e^K' 2- * 15 " 1 ^^^. 

27T% 2 J\y 2 \<lJ\ yi -y 2 \<l 

Integrating with respect to the variable y and taking into account that \yi — y 2 \ < 1 and 
I ?/2 1 < 1 implies \y±\ < 2, 

7T « Ji Ji S 2 - Si Si 

Making the change of variables u 2 = s 2 — Si and ui = 2s±, we can write 

2(/(0)) 2 r 2 "' r 2 "' 1 - e~ U2 1 - e~ Ul , 

E [F n 2 < U 2 l / / du 

71 n Jo Jo U 2 Mi 

2(/(0)) 2 /l f 2ent l-e~ v , \2 
civ* 



7T 2 vra 



n 2 \n J n J 1 v 

<c(/(0)) 2 (l+t) 2 . 

We next show the convergence of all moments. For any m GN, let C = E(F n ) m . Then 
K=(%r) m -*( I"* [ e^dxds 



m m 
- E I E Xj\(si-8i--i) 

e i=1 J=i dsdx, 

n' 



-1,1]™ JD m 

where D m = {l < s x < ■ ■ ■ < s m < e nt }, with the convention s = 0. 
By Lemma 6.1, 



m m 



/f(0)\ m 1 f f ~ E I I>jl(*t-si-i) 

lim r = m! lim — / / e 1=1 ' =i rfs cix 

rwoo V 2lX J n m J\_ x i]m J Dm 



= (- f f(x)dx) m E[Z(t)r. 

V 7T Jr / 

Using the method of moments, the proof is completed. n 



Proof of Theorem 1.1. This follows from Lemma 3.1, Proposition 3.1, and the argument 
before Lemma 3.1. 
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4 Proof of Theorem 1.2 



In this section, we shall show Theorem 1.2. Since / is bounded, we only need to consider 
the convergence of the following random variables 



1 pe nt 

F n = ^ f(X(s))ds. 



For m E N, let 



n 2 



Y[f(X( Si )))ds , 

->m,l ■ i = l 

where D mjl = {(si, . . . , s m ) E D m : s* - Sj_i > n _m , i = 2, 3, . . . , m] and D m = {l < s x < 
■ ■ • < s m < e nt } as before. Then, taking into account that / is bounded, we can write 



712 7^ l JD m n{\s J -s i - 1 \<n-^}^t* ' 

m— 1 



< 



mm! 

OO 3m 

n 2 



E 



[\f(X( Si ))\)ds 



Thus, Theorem 1.1 implies that 

Applying the Fourier transform, we can write 



i=l 



m -I 

< cin 2 ~ . 



(4.1) 



i J2 XiX(si) 



(2 



ds dx. 



m 

Using (2.1) and then making the change of variables = x i f° r ^ = 1, 2, . . . , m gives 

J/(?/i - S/i+i)) e 1=1 Vl 1 dsdy. 



ml 



(27Tv^)' 



™ JD. 



m,l j = l 



Let I^o — Im- For /c = 1, . . . , m, we define 



m! 



m,k 



t TT x/ \ ~ E l»*l( a <- a *-0 , , 

4 _ /Cl/i - i/i+l) e l= « s «2/' 

£>m,l i=k+l 



where 



2 



4 = < 



II \f(y2j)\ 2 f(-yk+i), if fc is odd; 

if k is even. 



2 



n i/(^-)i 2 , 

The following proposition, which is similar to Proposition 3.1 in [12], controls the differ- 
ence between I^ k _i and I^ k . We fix a positive constant 7 strictly less than ~. 



Proposition 4.1 For k — 1,2, ... ,m, there exists a positive constant c, which depends on 
7, such that 

\Im,k-l ~ Im,k\ — Cn " ' ■ 

Proof. The proof will be done in several steps. 

Step 1. Suppose first that k = 1. Making the change of variables u\ = s\, Ui = Sj — Si_i, for 
2 < i < m, we can show that | — 1^ x | is less than a constant multiple of 



n 2 




-2/2) -/(-s/2)|(Hl/(yt -y<+i)l) e 

i=2 



where O m = { . . . , u m ) :u 1 >l, YJLi u i < e ™*' n m < u { , i = 2,3, ... ,m] and y m+1 = 0. 



nt~\m 



Taking into account that that \ f(x)\ < c Q (|x| a A 1) for a G [0, 1], and O m C [n m ,e 
we obtain 

I m I 

ic,o-Cii<cs.n-T / / i2/irn(b 2i r+i?/2 i+ ir)e"£ |y<k ^^ 

< Csn -f+(Lf J+i)(™«)+(™-i-LfJ) 

< C3n -|+(LfJ+i)(-«). 

Choosing a small enough such that — | + (|_ttJ + l)(raa) = —7 gives 

IC,0-^,ll< C 3^" 7 - 

S'tep Suppose now that k = 2. By the definition of J™^ and J^ 2 , — 2 I ^ s ^ ess than 
a constant multiple of 



n 2 




■ ' [n~ m ,e nt ] m " 



|/(-y 2 )||/(y 2 - 2/3) - /(^)|(ni^ ~ ^l) e 1=1 ^ "* 

Using similar arguments as in Step 1, 

Kx-Q,2\<c,n-f [ [ \y2ny3\ a (f[\y2r + \y^ + i\ a )e~^ ly ' lUl dudy 



i=2 



< c 5 n 

< c 5 n~" 2+yi ~ 2 



!+([f j+l)(ma) 



c 5 n 7 . 



^tep 3: Suppose that k is odd and 3 < k < m. Since k is odd, — I^ fc | is less than a 

constant multiple of 



n 2 



/ / ( \f(Vi - Vi+i)\) \f{Vk - Vk+i) - f{-Vk+i)\ 

Jm. m J[n- m ,e nt ] m \ =fc+1 J 

k-1 

— 2 — m 

ni/(^)| 2 )e '^ VlU 'dudy. 
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Therefore, {I^k-i ~ ^mfcl * s ^ ess than a constant multiple of 

[ I ( fl l/(w-yi+i)l)|y*| B (ni/(i^)l a )e"^ lwlUi d«dy. 

</R m </O m i=fc+1 J= i 

Integrating with respect to the variables x^s and u^s with i < k — 1 gives 

ICfc-i-Cl^cen- 1 ^ / / ( ' |/(ifr-y m )|)||/*r 

JR m - fe + 1 J[n- m ,e"*] m - fc+1 V i=fc+1 7 

m 

- E IwK 
x e i=fe dudy, 

where du = duk ■ ■ ■ du m , dy = dy^ ■ ■ ■ dy m . Applying Step 1 and then doing some algebra, 
we can obtain 

- C, k \ < C6 n-H(L^J + D(m- fe+ i) Q = Cen - 7 . 
Step 4 : The case k is even and 4 < k < m is handled in a similar way. □ 

Proposition 4.2 Suppose that f is bounded, J R \xf(x) \ dx < oo anc? J R f(x) dx = 0. Then, 
for any t > 0, 

1 /" e ' li ^ r —- 

-= / /TO)d»A(-5 / |/(a;)|>r 1 dx)" S > /ZW»7 

as rt tends to infinity, where r\ is a standard normal random variable independent of Z(t). 
Proof. The proof will be done in several steps. 

Step 1 We first show tightness. Let F n = J 1 /(X(s)) (is. Then, using the Fourier 
transform, 

E(F n ) 2 = -/ I" [ /(xi)/(x 2 )e- |x2|(s2 - Sl) - |x2+a;i|si ^ds. 
" Ji Ji Jr 2 

Since < c Q (|x| a A 1) for all x G R and a G [0, 1], 

E(F n ) 2 <—[ ! 2 ! \f(x 2 )\e- lx2l{s2 ~ Sl) - lx2+Xllsi dxds 
n Ji Ji 7r2 



^ */ 1 */ M. 



<c 3 t. 

Step 2 We show the convergence of all odd moments. Assume that m is odd. Recall the 
estimate (4.1), which allows us to replace E (F n ) m by 1^. By Proposition 4.1, it suffices to 
show 

lim C, m = 0, 
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where 

m — 1 

| — 2 — m 

Making the change of variables U\ = si, Ui = Sj — Sj_i, for 2 < z < m yields 



m— 1 
2 



where, as before, 

m 

O m = {(mi,. . . ,w m ) : 1 < u u ^Ui < e n \n~ m < m < e n \ i = 2, ...,m}. 

i=l 

Notice that O m C [l,e nt ] x [n~ m , e nt ] m ~ 1 . As a consequence, 

m — 1 

— 2 — m 

< c^n-f / / \f(y m )\ n l/WI'e'S'^dudy 

Jf m J[l,e" t ]x[n-'»,e" 1 ]"'- 1 - =1 

<c 5 n-f ( / |/( y )| 2 M-V) V ( f ti- 1 ^) 8 ^ ( / \Ky)\\y\- l dy 



< CqU 2 . 

Combining these estimates gives lim E (F n ) m = when m is odd. 

n— >oo 

Step 3 We show the convergence of all even moments. Assume that m is even. Recall 
the estimate (4.1). By Proposition 4.1, it suffices to show 

lim 7- m = (-L f \f(x)\ 2 \ X \-UxY^E(y/Z(^ri) m , (4.2) 



where 

T n = 

(27rv^) 



Making the change of variables «i = Si, itj = s,; — Sj-i, for 2 < i < m and then integrating 
with respect to all yiS with i odd gives 

where dy = dy 2 dy± ■ ■ ■ dy m and, as before, 

m 

O m = {(«!,.. ■ ,u m ) : 1 < u^^Ui < e n \n~ m < m < e nt , i = 2,. . .,m}. 



i=l 
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Taking into account that O m C [l,oo) x [n m ) e"'] m 1 yields 

limsup J„V < lim / / \f(y)\ 2 e-^dudy) 2 (- / u^du) 

n^oo (27r) m \J R J / \nj n -m J 



I \f{y)\ 2 W 1 dy)\ (4.3) 



2t Vtt 2 

On the other hand, using O m> i x O mi 2 C O m , where 

m/2 



Om,i 

and 



{(«i,...,w m _i) : Mi > 1, u 2j -i > n m , j = 2,..., m/2, ^u 2 j-i < e nt /2^ 



3=1 



m/2 

O m , 2 = {(«2,...,«m) : «2j > ™~ m , J = l,...,m/2, J^M 2 i < e nt /2j, 

3=1 

gives 

/ (n i/iw)!*) hwh * 

By Lemmas 6.2 and 6.3, 

e~\— | /» m 

limmf/ m , m >^(/ l/Cy)!^- 1 ^)'^ 

n->oo (27T) m V > / IR / 



"l/ 2 m/2 



m! 1 2 / 1 



2t Vtt^ 

Combining (4.3) and (4.4) gives 



- / imm-'dy) 2 . (4.4) 

7T Z /td. / 



tttJ t 2 / 1 f ^ 



where in the last equality we used Lemma 2.1. So the statement (4.2) follows. Using the 
method of moments, the proof is completed. n 



Proof of Theorem 1.2. Since / is bounded, this follows easily from Proposition 4.2. 



5 A remark on [15] 

In this section, we assume a > 1 and will give another expression for the constant in the 
limiting process in Theorem 1.1 of [15]. 
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Theorem 5.1 Suppose that f is a bounded Borel function on K with compact support and 
J R f(x) dx = 0. Then 

^ f(X(s))ds, t>o| A |(^|/(x)| 2 |x|- a ^)"V(L,(0),t>o} 
as n tends to infinity, where W is a real-valued Brownian motion independent of X . 
Proof. Let 

pnt 

F n = n^ f(X(s))ds. 
Jo 

Then, by Theorem 1.1 in [15], it suffices to show 

limE(F n ) 2 =(i / \f(x)\ 2 \x\- a dx)E(L t (0)). 

Using the Fourier transform, 

(F n ) 2 = ^-n^ f 2 [ f( Xl )f(x 2 )e-^ a ^-^-^ +x ^dxds. 
^ Jo Jo Jm. 2 



Ei 



Making the change of variables y 2 = x 2 and y\ = x 2 + x\ 

'0 JO 



E(F n ) 2 = 7 ±-n 1 ^ I / / f(y 1 -y 2 )f(y 2 )e-M a ^-^-M a ^dyds. 




'0 JO 



I 2 2 =-^n^ I I I \f{y 2 )\ 2 e-\y^-^-\y^dyds. 




2tt 2 

Let 

J? = 

2tt 2 

For all x, y € M, 

\f(x)-f(y)\<ce\x-yf, 
where (5 can be any constant in [0, 1]. Thus, 

pnt ps 2 r 

\E(F n ) 2 -ll\< Cl n^ / / \ yi f\f(y 2 )\e^ a ^-^-^dyds. 

Jo Jo J M 2 

Making the change of variables u 2 = s 2 — s\ and u\ = s 2 , 

"•nt pnt 



\E(F n ) 2 -I 2 2 \< Cl n^ / / \ yi f\f(y 2 )\e-^ au >-^dydu 

Jo Jo Jm 2 

pnt p 

< Cl n^/ / \ yi f\f( y2 )\\ y2 \~ a e-^d y d Ul 
Jo Jm. 2 

pnt p 

<c 2 n^r / \ Vl \P e-l^l"" 1 d Vl du x 



'o 



"nt 

< c 3 n « / 1 1*1 j " dui 



< C4 n « . 
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where (5 can be any constant such that < /3 < a — 1. Using the above estimate, 

lim E (F n ) 2 = lim if. 

n— >oo n— >oo 

So we only need to show 

lim I 2 2 = (- 2 [ \f(x)\ 2 \x\- a dx)E(L t (0))- 

By the L'Hopital rule, 

lim if = - 2 f lim [* [ \f(y 2 )\ 2 e-M a ^-^ dy ds, 
of 



'0 



27T 2 (« - 1) 

For any e G (0, 1), we obtain 



( [ e-^ a dy) lim n« /" / |/(y)| 2 s -^ e - |s/|Q(n *- s) rfy ds. 



(l-e)nt 

lim I I \ J{y)\ 2 s-^e-\ y \ a{nt - s) dyds 

n—Hx 







/•(l-e)nt /• ^ 

< lim n« / / |/(y)| 2 s— e^^'dyeis 

< c 5 lim n [ \y\ 2 e~\ y \ aent dy 

n->oc J R 



< Cq lim n 1 



a-* 

7 

n— >oo 

0, 



where in the second inequality we used \ f(y)\ < c 7 |y| for all j/Gt. 
Making the change of variable u = nt — s, 

'■rit 



lim ra» / / |/(y)| 2 S -^e- |y|Q(nt - s) d|/ds 

J(l-e)nt JR 



Note that 



This gives 



lim / \f(y)\ 2 (t-^e^ au dydu. 



i . M . l . ,ii 

t" <(t )" < (1 - e)~= i™. 

n 



t~ / \f(y)\ 2 \y\- a dy 

JR 

put p 

< lim n« / |/(y)| 2 s-^e- |s/|Q(nt - s) d|/(is 

n ^°° J(l-e)nt JR 

<(i-c)--r= / |/(2/)| 2 M- Q */. 
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Using these estimates and the fact that e > is arbitrary, we obtain 



lim/ 2 2 = ° J I e~\y\ a dy)t^ [ 
2ir 2 {a-l)\J u J J R 

- [ \f(y)\ 2 \y\- a dy)E(L t (0)), 



\f(y)\ 2 \y\- a dy 



where in the last equality we used Lemma 2.2. This completes the proof. □ 



6 Appendix 

Here we give some lemmas which are necessary for the proof of Theorems 1.1 and 1.2. 
Lemma 6.1 For any m G N 



m m 



If f - E I E zjKsj-sj-i) 

lim — / e - 1 *=* dsdx= (2t) m , 



n->oo n m yr_i i]m Jd 



where D m = {l<si<---<s m < e n *}. 



Proof. Making the change of variables yi = x j f° r i — 1,2, . . . ,m gives 

j=i 



m m 



1 f f - E I E*il(«i-«i-i) , 1 f f - E \yi\(si-si-i) , 

/ e 1=1 J=I as ax < — / / e 4=1 as ay 

-l,l] m JD m J[-m,m] m JD m 



yrn 



I _ -m(s i -s l _ 1 ) 

n * 



and 



m m 



1 /• /• -EIE*il(«i-«i-i) , 1 /" /" - E , , 

/ e i=1 J=i ds dx > — / e i=1 as ay 

i,i]W.D ro n m i ]m y Dm 



Y/77 



m ' m 

m 



1 _ e -£(«i-« 4 -i)' 

11 r*- 



So it suffices to show that, for any b > 0, 



i— ►oo n" 1 1^ \ J- J- ?; • / 



rwoo n /n , v It 



where O m>3 = {(%, u 2 , . . . , u m ) : f^Ui< e nt , u x > 1, u { > 0, % = 2,3, ...,m}. 



i=i 
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Let O mA = {(ui,u 2 , ■ ■ .,u m ) : J2 u i < e ™*; > 0, i = 1, 2, . . . ,m}. Then 

8=1 

1 — e~ hUi \ f / tt 1 — e _bni 



/ 4 i (n^>*/o.(n- * 



du, 



where O m>5 = {(tti, u 2 , ■ ■ ■ , u m ) : < U\ < 1, < Wj < e ni , i = 2, . . . , m}. 

Note that = 1-6 is a continuous function on (0, oo) with lim h(x) = b and 

x x— >0+ 

lim h(x) = 0. Using the L'Hopital rule, 



n— >oo TL 

This shows 



lim — / dx = t. 



o 



which implies 



Moreover, 



ni^ww n— * 

[0,e«*]™-O ro>3 \ =1 M * i=1 i[0,e" , ]™n{ Uj >^} \ =1 M i 7 

" e "' 1 - e~ bu \ / [ ent 1 - e~ fe " \ m ~ 1 



m— 1 



< c 2 n 

Therefore, 

lim ±/ (f [ l^l) du=lim ±[ (TT 1 ^ 1 )* 

= lim f— / cZw 

n->oo Vn Jo M 

= r\ 

Combining the above arguments gives the desired result. □ 



Lemma 6.2 For any m E N, 

m m 

lim / / (f[\f(y l )\ 2 )e~^ lVllU *dudy= ( [ {fiy^y^dy 

n^oo J Rm J Qm \ U 7 V J E 

m 

where O m = { . . . , u m ) : it, > n~ m , i — 1 . . . , m, Yl u i < e n */2} ■ 

i=l 
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Proof. It is easy to see 

L -^m ■ — \ll> 5 e J i= u j=l a mj] 



where A mj - = [n m ; e n '] m fl {uj > — }. Therefore, 




m 
3- 



(U\f(yd\ 2 )e--idudy 
i=i 

"" r r m i i 

£/ / (ni/WI 2 )-"' 5 *•* 

„ e nt 

<ci / / |/(l/)| 2 e-l»' u d«dy 

m 

/* ^ nt 

= d / |/(2/)| 2 |2/|- 1 (e H2/l ^-e- |2/|e " t )^^- 

JR 

By the dominated convergence theorem, 

m m 

lim / / (]l\f(y z )\ 2 )e~^ lmK dudy = . ( 6 .1) 



On the other hand, 



iim / / (U\f(y*)\ 2 ) e ~ k dud y 

l_s>0 ° JM. m J [n- m ,e nt ] m i= i 

= lim ( / / \J{y)\ 2 e-\y\ u dudy) rn 



i/^n^r 1 ^) (6.2) 

Our result follows easily from (6.1) and (6.2). □ 
Lemma 6.3 For any m G N 

lim _ / ('TT n r 1 ')dn = r, 

^"i i=l 

m 

where O m = {(u±, . . . ,u m ) : u i < e?1< ) u i > 1> > n~ m , i = 2, . . . ,mj. 

i=l 

Proof. This result follows from 



lim — / f TT nr 1 ) rfn < lim — V / f TT m" 1 ) 

n^oo n m y [n -m, e «*]m_ 0jn V ^ / n-»oc n m i[ n - m , e nt] mn{%> ^ } V A± / 



< c\ lim ( — / u~ l du^ ^— / u~ x du 
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and 
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